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Abstract
When dealing with large-scale multi-dimensional
data, it is crucial to design efficient compression
schemes that remove redundancy while preserv-
ing relevant information. Sketching is one of
the techniques people use frequently to achieve
this goal. Extensive studies have focused on ma-
trix and vector sketching. However, sketching
higher-order tensors is not as well understood. In
this work, we propose multi-dimensional count
sketch (MS), an unbiased estimator of the given
tensor that is efficient on various tensor repre-
sentations such as CP form and the Tucker form.
We can improve both computational and memory
requirement for tensor product and tensor contrac-
tion compared to previous sketching techniques.
We apply MS to tensorized neural networks and
achieve close-to-state-of-the-art accuracy while
using 25 times fewer parameters compared to the
model without sketching.

1. INTRODUCTION
Most modern machine learning applications such as com-
puter vision and social networks, involve manipulating large,
multi-relational data. The memory, data access and compu-
tation of large data are usually bottlenecks. It is therefore
imperative to be able to find a compact representation of the
data while not suffering loss in accuracy.

Standard ways to reduce dimensionality are the principle
component analysis(PCA) and the singular value decom-
position (SVD). It achieves good performance in applica-
tions such as topic modelling (Aza et al., 2001) and rec-
ommendation systems. The common feature of these ap-
plications is that they have a hidden data structure to ex-
plain the model. However, computing exact SVD is expen-
sive in many machine learning applications. Randomized
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SVD (Halko et al., 2011) reduced the computation from
O(mnr) to O(mnlogr), for a matrix with size m× n and
rank r. To further reduce the computation burden, sampling
is applied to such cases. The question of how to sample
then arises. Sketching is a randomized technique that ad-
dresses this problem. It preserves the data structure while
only using limited memory in a 1–pass algorithm. Instead
of subsampling, the sketching method requires mapping all
elements in the data to a lower dimension space.

Extensive studies have focused on vector sketching. How-
ever, it is not enough to only sketch vectors. In many sce-
narios, data is correlated along different dimensions. It is
sub-optimal to define such data as sets of vectors and sketch
the vectors separately considering the data structure. For
instance, the image feature extracted from the traditional vi-
sion network contains spatial information. Separating these
data at each location ignores the connection between adja-
cent pixels. On the other hand, applying vector sketching
to tensors is typically computationally expensive. Our pro-
posed multi-dimensional count sketch(MS) is a sketching
method for any arbitrary order tensor which sketches the
tensor along each mode. The main contributions of this
paper are:
(1) We propose MS: it projects a tensor to another tensor of
same order but with different dimensions, which are chosen
by the user. (2) We present an approximation algorithm
for the Kronecker product of two real matrices using MS.
For matrices with size n× n, instead of computing O(n4)
operations, this approximation requires only O(n2) opera-
tions. (3) Based on MS, we propose a compressed tensor
contraction algorithm specificly for Tucker and CP form
tensor contraction. (a) For a third-order tensor of dimension
n along each mode and CP rank r, we get a computation
cost improvement with a ratio of O(r) if the tensor is over-
complete (r > n). (b) For a third-order tensor of dimension
n and Tucker rank r along each mode, we get a computa-
tion cost improvement with a ratio of O(r2) if r is small
(r3 < n), and O(r3) if r is large (r3 ≥ n), compared to
the previous CS method. (4) We apply the compressed ten-
sor contraction to neural networks. It uses 25 times fewer
parameters with only 4% accuracy loss.
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2. RELATED WORK
Given the importance of data approximation in the aspect of
computation efficiency and privacy concerns, many meth-
ods have been developed to use fewer parameters in es-
timation of the original data. As one might expect, data
with particular structure may require a particular approxi-
mation method. Truncated singular value decomposition
(SVD) (Eckart & Young, 1936) is an approximation method
to represent the rotation and rescale of the data. However,
this decomposition may not fit for specific data that has
sparsity/non-negativity constraints. CX and CUR matrix
decompositions are proposed to solve this problem (Ma-
honey & Drineas, 2009). Since structure in the data is not
respected by mathematical operations on the data such as
SVD, sampling is more interpretable and has better inform-
ing intuition(Bringmann & Panagiotou, 2017). Sketching
approaches are gaining popularity as a tool to reduce data
dimensionality while preserving useful information in the
data(Alon et al., 1999). Instead of only choosing parts of
the data as sampling, sketching method requires mapping
all elements in the data to a fixed dimension space. Count
Sketch(CS) was first proposed by (Charikar et al., 2002)
to estimate the frequency of each element in a stream. It
projects a vector x ∈ Rn to y ∈ Rc. It requires two hash
functions: s contains either +1 or -1 for each input index. h
maps each index from input to an index in output. For every
index i from input, s[i] · x[i] is added to y[h[i]].

(Pagh, 2012) propose a fast algorithm to compute count
sketch of an outer product of two vectors using FFT prop-
erties. They prove that the CS of the outer product is equal
to the convolutions between the CS of each input. They fur-
ther simplify this calculation by transferring into frequency
domain. The result gets extended to compressed matrix
multiplication, since matrix multiplication is a sum of outer
product. This algorithm has been successfully applied to
the machine learning community. Compact bilinear pool-
ing is proposed to estimate joint features from different
sources (Gao et al., 2016). In Visual Question Answering
task, Fukui et al. (2016) use compact bilinear pooling to
compute joint features from language and picture.

Tensor sketch was proposed by Pham & Pagh (2013) to gen-
eralize count sketch to high-dimensional spaces. Pham et al.
apply the tensor sketch to approximate non-linear kernels. It
can approximate any polynomial kernel inO(N(n+c log c))
time, while previous methods require O(Nnc) time for N
training samples in n-dimensional space and c random fea-
ture maps. Wang et al. (2015) develop a novel approach for
randomized computation of tensor contractions using tensor
sketch, and apply it to fast tensor CP decomposition. How-
ever, all these sketching techniques are projecting tensors to
vector space.

Figure 1: Tensor Contraction Example: Given A ∈
Rn1×n2×n3 , U ∈ Rn1×r1 , V ∈ Rn2×r2 , A(U, V, I) ∈
Rr1×r2×n3 (I ∈ Rn3×n3 is an identity matrix)

3. PRELIMINARIES
3.1. Tensor

We denote tensors(multi-dimensional data structures) by
calligraphic uppercase letters. The order of a tensor is the
number of modes it admits. For example, T ∈ Rn1×···×nN

is a Nth-order tensor because it has N modes. Tensor
product is known as outer product in vectors case. A
Nth-order tensor is an element of the tensor product of N
vector spaces: A = v1 ⊗ · · · ⊗ vN ∈ Rn1×···×nN , where
vi ∈ Rni , i ∈ 1, · · · , N . Assume Vi ∈ Rni×mi , i ∈
1, · · · , N , tensor contraction A(V1, · · · , VN ) ∈
Rm1×···×mN , and A(V1, · · · , VN )i1,···iN =∑
j1···jN Aj1,···jN [V1]j1,i1 · · · [VN ]jN ,iN . We show a

tensor contraction example in Figure 1.

Important Tensor Applications In unsupervised learning,
tensor decomposition is gaining a lot of attention. It is
the crux of model estimation via the method of moments.
A variety of problems such as Gaussian mixtures model
estimation and social network learning can be efficiently
solved via the tensor decomposition techniques under cer-
tain mild assumptions (Anandkumar et al., 2014). (Kossaifi
et al., 2017) propose a tensor regression layer in deep con-
volutional neural networks. Instead of mapping high-order
activation tensor to vector space to fit in the fully connected
layer, they generate a tensor weight to match the activation
tensor. Visual Question Answering task(Antol et al., 2015)
requires integration of feature maps from image and text
that have drastically different structures. Many studies have
been done to explore various features and combine them
wisely based on their structures(Teney et al., 2017; Shi et al.,
2018). The basic building blocks of all these algorithms in-
volve tensor contraction/product. Thus, it is essential for us
to investigate efficient tensor contraction/product methods.

4. MULTI-DIMENSIONAL COUNT
SKETCH

In this section, we define the multi-dimensional count sketch
and present its approximation guarantees. We then show
the superiority of this sketch, comparing to CS, in approx-
imating tensor operations: Kronecker product and tensor
contraction.
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Figure 2: Multi-dimensional Count Sketch of a Matrix

Figure 3: Kronecker Product of Two Matrices With Size
n× n. It requires O(n4) computation

Definition 4.1. Multi-dimensional Count Sketch(MS)

Given a tensor T ∈ Rn1×···×np , random hash functions
h1:[n1] → [m1], · · · , hp:[np] → [mp], and random sign
functions s1:[n1]→ {±1}, · · · , sp:[np]→ {±1}:

MS(T )t1,··· ,tp =
∑

h1(i1)=t1,··· ,hp(ip)=tp,

s1(i1) · · · sp(ip)Ti1,··· ,ip

We can write the MS using tensor operations.

MS(T ) = (S ◦ T )(H1, · · · , Hp) (1)

Here S = s1 ⊗ · · · ⊗ sp ∈ Rn1×···×np , Hi ∈ Rni×mi ,
Hi(a, b) = 1 if hi(a) = b, for ∀a ∈ [ni], otherwise
Hi(a, b) = 0. The MS of a tensor equals to the signed
tensor(S ◦ T ) contract with the projection matrices(Hi, for
i ∈ [p]) along each mode. The resulting tensor MS(T ) ∈
Rm1×···×mp is an estimation of T with preserved spa-
tial information. To recover the original tensor, we
have T̂i1,··· ,ip = s1(i1) · · · sp(ip)MS(T )h1(i1),··· ,hp(ip), or
T̂ = S ◦MS(T )(H−11 , · · · , H−1p ).

Theorem 4.1. Given a tensor T ∈ Rn1×···×nN , MS hash
functions sk, hk with sketching dimensions mk, for k ∈
[N ], for any i∗1, · · · , i∗N , the recovery function Ti∗1 ···i∗N =
s1(i∗1) · · · sN (i∗N )MS(T )h1(i∗1)···hN (i∗N ) computes an un-
biased estimator for Ti∗1 ···i∗N with variance bounded by
||T ||2F /(m1 · · ·mN ).

4.1. Approximate Kronecker Product

Kronecker product is a generalization of outer product from
vector to matrix. It is one kind of tensor product. Usu-
ally, the computation and memory cost are expensive. See
Figure 3 for an example.

Sketching a Kronecker product naı̈vely We can compute
the sketch of A⊗B by sketching each of the outer product
using CS. Assume A,B ∈ Rn×n, it requires a total O(n3 +
n2clogc) operations to sketch the Kronecker product.

Figure 4: CS of Kronecker Product. It requires O(n2(n +
clogc)) computation

Figure 5: MS of Kronecker Product. It requires O(n2 +
m2logm) computation

Improving the complexity We show how to improve the
complexity of the Kronecker product sketching fromO(n3+
n2clogc) to O(n2 +m2logm) by using MS.
Lemma 4.2. Given two matrices A ∈ Rn×n, B ∈ Rn×n,
four 2-wise independent hash functions hi : [n]→ [m], and
si : [n]→ {±1}, for i ∈ {1, 2, 3, 4}.

MS(A⊗B) = MS(A) ∗MS(B)

= IFFT2(FFT2(MS(A)) ◦ FFT2(MS(B)))
(2)

Lemma 4.2 shows that the MS of the Kronecker product
equals to the convolution between the MS of each matrix.
This approximation requires O(n2) to complete MS(A),
MS(B) and O(m2logm) to complete 2D Fourier Transform.
The proof is in Appendix B.1. This example shows the
advantage of MS in estimating tensor operations by directly
applying operations on the sketched components.

4.2. Approximate Tensor Contraction

Tensor contraction is a common operation in tensor al-
gebra. In this section, we focus on Tucker-form ten-
sor (Tucker, 1963): a tensor structure that requires mul-
tiple tensor contractions. Define a Tensor T ∈ Rn1×n2×n3 :
T = G(U, V,W ) = [G;U, V,W ]. Here, U ∈ Rn1×r1 ,
V ∈ Rn2×r2 , W ∈ Rn3×r3 , G ∈ Rr1×r2×r3 . Due to page
limit, we only show the conclusion here. The main analysis
is in the full paper.
Improving the complexity We show that for the Tucker-
form tensor sketching, if we choose sketching param-
eters such that the approximation guarantees are same
for using CS and MS, the computation complexities are
O(r3n+ r6logr), O(rn+ r3logr); the memory complex-
ities are O(r4), O(r3), for CS and MS respectively. MS
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Figure 6: Finding Correlations Using Sketched Matrix Mul-
tiplication

method gets an improvement in computational cost by a
ratio of O(r2), if r is small (r3 < n), and O(r3), if r is
large (r3 ≥ n), comparing to the CS method.

5. EXPERIMENTS
In this section, we present an empirical study of the multi-
dimensional count sketch in matrix and tensor operations.
The goals of this study are: a) establish that our method
significantly compress the input without losing principle
information from the data, b) demonstrate the advantages
of MS in compressing Kronecker product and tensor con-
traction operation in practice, compared to CS, c) present
potential application of MS in deep learning tasks.

5.1. Covariance Matrix Estimation

Given a matrix A ∈ R10×10, all entries are sampled in-
dependently and uniformly from [-1,1], except for rows
two and nine which are positively correlated. Thus, in
AAT , all entries should be small values except diagonal,
(2,9) and (9,2) entries. In Figure 6, the upper middle fig-
ure is the true value of AAT , the upper right figure is an
approximation of AAT using the algorithm in (Pagh, 2012).
The sketching length is 40(compression ratio is 100/40
= 2.5). Lower left is the true value of A ⊗ AT . By ap-
plying Algorithm 1, we get approximated A ⊗ AT in the
lower middle figure. Further, we estimate AAT using the
fact that (AAT )ij =

∑r
k=1(A⊗AT )r(i−1)+k,n(k−1)+j , if

A ∈ Rn×r. The sketching dimensions we used to estimate
A⊗AT are 40, 40. The compression ratio is 10000/1600 =
6.25. In both methods, we repeat the sketching 3000 times
and use the median as the final estimation. The covariance
matrix estimation result using MS is better than the one
using CS, and it uses a higher compression rate.

Figure 7: Training Loss And Test Accuracy For Different
Network Structures

Figure 8: Tensor Regression Layer With Sketching

5.2. Deep Learning Application

To demonstrate the versatility of our method, we combine it
with deep learning, by integrating it into a tensor regression
network for object classification.

(Kossaifi et al., 2017) proposed the tensor regression
layer(TRL) to express outputs through a low-rank multi-
linear mapping. It learns a Tucker-form tensor weight for
the high-order activation tensor. Instead of reconstructing
the full regression weight tensor using tensor contractions,
we propose to sketch it using Algorithms 2 and 3. In our ex-
periment, we used a ResNet18(He et al., 2016), from which
the flattening and fully-connected layers were removed, and
replaced by our proposed sketched tensor regression layer.
The network structure is illustrated in Figure 8.

We compare the methods on the CIFAR10
dataset (Krizhevsky, 2009). The dataset consists of
60000 32 × 32 color images in 10 classes: airplane,
automobile, bird, cat, deer, dog, frog, horse, ship, truck.
The dataset is split into 50000 training images and 10000
test images. We report the learning loss and the test
accuracy in Figure 7. Compared to CS, MS converges faster.
Besides, compared to the original tensor regression network,
we use 25 times fewer parameters with only 4% accuracy
loss(original TRL has 25k parameters, sketeched TRL has
1k. Final test accuracy using original TRL/sketched TRL is
95%/91%).
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A. List of some algorithms mentioned in the main paper
A.1. Kronecker Product Sketching

Algorithm 1 Compress/Decompress Kronecker Product

1: procedure COMPRESS-KP(A,B,m1,m2, d) . A ∈ Rn1×n2 , B ∈ Rn3×n4

2: for t:=1 to d do . Repeat d times
3: Atms, H

t
a, S

t
a = MS(A,m1,m2)

4: Btms, H
t
b, S

t
b = MS(B,m1,m2)

5: FFT2(Atms),FFT2(B
t
ms)

6: P t=IFFT2(Atms ◦ Btms)

7: E = median([P 1, · · ·P d])
8:
9: procedure DECOMPRESS-KP(P, S,H, d)

10: C = zeros(n1n3, n2n4)
11: for w:=1 to n1 do
12: for q:=1 to n2 do
13: for o:=1 to n3 do
14: for g:=1 to n4 do
15: for t:=1 to d do
16: k = (Ht

a1[w] +Ht
b1[o])%m1

17: l = (Ht
a2[q] +Ht

b2[g])%m2

18: tmpt = Sta1[w]Sta2[q]Stb1[o]Stb2[g]P t[k, l]

19: i = n3(w − 1) + o
20: j = n4(q − 1) + g
21: Cij = median([tmp1, · · ·, tmpd]) . Report the median of the d estimates
22: return (C)

A.2. Tucker-form Tensor Sketching

Algorithm 2 Tucker-form Tensor MS: MS(T ) = MS(G ×1 U ×2 V ×3 W )

1: procedure COMPRESS(U, V,W,G,m1,m2, d)
2: for t:=1 to d do . Repeat d times
3: U tms, H

t
u, S

t
u = MS(U,m1,m2)

4: V tms, H
t
v, S

t
v = MS(V,m1,m2)

5: W t
ms, H

t
w, S

t
w = MS(W,m1,m2)

6: Gtcs, Ht
g, S

t
g = CS(vec(G),m2)

7: FFT(Gtcs)
8: FFT2(U tms),FFT2(V

t
ms),FFT2(W

t
ms)

9: P t = (U tms ◦ V tms ◦W t
ms)Gtcs

10: P t = IFFT(P t)
11: E = median([P 1,· · ·, P d]) . Final estimation
12:
13: procedure DECOMPRESS(P, S,H, d)
14: for a,g,o:=1 to n1,n2,n3 do
15: for t:=1 to d do
16: k = (Ht

u1[a] +Ht
v1[g] +Ht

w1[o])%m1

17: Lt = Stu1[a]Stv1[g]Stw1[o]P t[k]

18: Cago = median([L1, · · ·, Ld])

19: return (C)
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Algorithm 3 Tucker-form Tensor CS: CS(T ) = CS(G ×1 U ×2 V ×3 W )

1: procedure COMPRESS(U, V,W,G, c, d)
2: for t:=1 to d do . Repeat d times
3: U tcs, H

t
u, S

t
u = CS(U, c)

4: V tcs, H
t
v, S

t
v = CS(V, c)

5: W t
cs, H

t
w, S

t
w = CS(W, c)

6: FFT(U tcs),FFT(V
t
cs),FFT(W

t
cs)

7: for i,j,k:=1 to r1,r2,r3 do
8: Qtijk = IFFT (U tcs[i] ◦ V tcs[j] ◦W t

cs[k])

9: P t += GijkQtijk
10: E = median([P 1, · · ·P d]) . Final estimation
11:
12: procedure DECOMPRESS(P,Q, S,H, d)
13: for i,j,k:=1 to r1,r2,r3 do
14: for a,g,o:=1 to n1,n2,n3 do
15: for t:=1 to d do
16: l = (htu[a] + htv[g] + htw[o])%c
17: Rt=Stu[a]Stv[g]Stw[o]Qtijk[l]

18: Lago=median([R1,· · ·,Rd])
19: C += GijkL
20: return (C)

B. Proofs of some technical theorems/lemmas
B.1. MS of the Kronecker product

Proof of Lemma 4.2. The Kronecker product defines (A⊗B)n3(p−1)+h n4(q−1)+g = ApqBhg . Thus:

∑
pqhg

(A⊗B)abs1(p)s2(q)s3(h)s4(g)wt1ha+t2hb

=
∑
pqhg

ApqBhgs1(p)s2(q)s3(h)s4(g)wt1ha+t2hb

=
∑
pq

Apqs1(p)s2(q)wt1h1(p)+t2h2(q)
∑
hg

Bhgs3(h)s4(g)wt1h3(h)+t2h4(g)

= FFT2(MS(A)) ◦ FFT2(MS(B)) (3)

where a = n3(p − 1) + h, b = n4(q − 1) + g, ha = h1(p) + h3(h), hb = h2(q) + h4(g). Assign i = n3(p − 1) + h,
j = n4(q− 1) + g, s5(i) = s1(p)s3(h), s6(j) = s1(q)s3(g), h5(i) = h1(p) + h3(h) and h6(i) = h2(q) + h4(g), we have

∑
pqhg

(A⊗B)abs1(p)s2(q)s3(h)s4(g)wt1ha+t2hb

=
∑
ij

(A⊗B)ijs5(i)s6(j)wt1h5(i)+t2h6(j)

= FFT2(MS(A⊗B))

= FFT2(MS(A)) ◦ FFT2(MS(B)) (4)

Consequently, we have MS(A ⊗ B) = IFFT2(FFT2(MS(A)) ◦ FFT2(MS(B))). The recovery map is
ˆA⊗Bn3(p−1)+h n4(q−1)+g = MS(A ⊗ B)(h1(p)+h3(h))mod m1 (h2(q)+h4(g))mod m2

for p ∈ [n1], q ∈ [n2], h ∈ [n3],
g ∈ [n4].
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B.2. Analysis of CS and MS approximation error

Proof of Theorem 4.1. For i ∈ {1, 2, · · ·n1}, j ∈ {1, 2, · · ·n2}, let Kij be the indicator variable for the event h1(i) =

h1(i∗) and h2(j) = h2(j∗). We can write Ûi∗j∗ as

Ûi∗j∗ = s1(i∗)s2(j∗)
∑
ij

Kijs1(i)s2(j)Uij (5)

Observe that Kij = 1, if i = i∗, j = j∗. E(s1(i∗)s1(i)) = 0, E(s2(j∗)s2(j)) = 0, for all i 6= i∗, j 6= j∗, and
E(s1(i∗)2) = 1, E(s2(j∗)2) = 1, we have

E(Ûi∗j∗) = E(s21(i∗)s22(j∗)Ki∗j∗Ui∗j∗ + E(s1(i∗)s2(j∗)
∑

i 6=i∗,j 6=j∗
Kijs1(i)s2(j)Uij)

= Ui∗j∗

(6)

To bound the variance, we rewrite the recovery function as

Ûi∗j∗ = s21(i∗)s22(j∗)Ki∗j∗Ui∗j∗ + s1(i∗)s2(j∗)
∑

i 6=i∗,j 6=j∗
Kijs1(i)s2(j)Uij (7)

To simplify notation, we assign X as the first term, Y as the second term. Var(X) = 0, and COV (X,Y ) = 0 since s1(i)
and s2(j) for i ∈ {1, 2, · · ·n1}, j ∈ {1, 2, · · ·n2} are both 2-wise independent. Thus,

Var(X + Y ) =
∑

i6=i∗,j 6=j∗
Var(Kijs1(i∗)s2(j∗)s1(i)s2(j)Uij) (8)

E(Kijs1(i∗)s2(j∗)s1(i)s2(j)Uij) = 0 for i 6= i∗, j 6= j∗. Consequently,

Var(Kijs1(i)s2(j)Uij) = E((Kijs1(i∗)s2(j∗)s1(i)s2(j)Uij)
2) = E(K2

ij)U
2
ij = U2

ij/(m1m2) (9)

The last equality uses that E(K2
ij) = E(Kij) = 1/(m1m2), for all i 6= i∗, j 6= j∗. Summing over all terms, we have

Var(Ûi∗j∗) ≤ ||U ||2F /(m1m2).

B.3. Analysis of Tucker-form tensor approximation error

Theorem B.1. Suppose T̂ is the recovered tensor for T = G(U, V,W ) after applying MS on U , V and W with sketching
dimension m1 and m2 along two modes and count sketch on G with sketching dimension m2. Suppose the estimation
takes d independent sketches of G, U , V and W and then report the median of the d estimates. If d = Ω(log(1/δ)) and

m1m2 = Ω(
r3‖G‖2F‖U‖

2
F‖V ‖

2
F‖W‖

2
F

ε2 ), then with probability ≥ 1− δ there is |T̂ijk − Tijk| ≤ ε. The computation complexity
of this estimation process is O(nr + r +m1m2 log(m1m2) +m1m2). The memory complexity is O(m1m2).

Proof of Theorem B.1.

E(T̂ijk) = E(

r3∑
l=1

(Û ⊗ V̂ ⊗ Ŵ )ijk lvec(Ĝ)l)

=

r3∑
l=1

E(Û ⊗ V̂ ⊗ Ŵ )ijk lE(vec(Ĝ)l)

=

r3∑
l=1

(U ⊗ V ⊗W )ijk lvec(G)l

= Tijk

(10)
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This is an unbiased estimator because both MS and CS are unbiased. For the variance, we have:

Var(T̂ijk) = Var(

r3∑
l=1

(Û ⊗ V̂ ⊗ Ŵ )ijk lvec(Ĝ)l)

=

r3∑
l=1

Var(Û ⊗ V̂ ⊗ Ŵ )ijk lvec(Ĝ)l

(11)

To simplify the notation, we set X = Û ⊗ V̂ ⊗ Ŵ , Y = vec(Ĝ).

From kronecker product definition, we know ∃ a, b, c, d, e, f,Xtl = ÛabV̂cdŴef , for ∀t, l. Thus, Var(Xtl) =

Var(ÛabV̂cdŴef ).

Var(ÛabV̂cdŴef ) = Var(Ûab)Var(V̂cd)Var(Ŵef ) + E2(Ûab)Var(V̂cd)Var(Ŵef )

+ E2(V̂cd)Var(Ûab)Var(Ŵef ) + E2(Ŵef )Var(Ûab)Var(V̂cd)

+ E2(Ûab)E2(V̂cd)Var(Ŵef ) + E2(V̂cd)E2(Ŵef )Var(Ûab)

+ E2(Ûab)E2(Ŵef )Var(V̂cd)

=
‖U‖2F ‖V ‖

2
F ‖W‖

2
F

(m1m2)3
+
U2
ab‖V ‖

2
F ‖W‖

2
F

(m1m2)2

+
V 2
cd‖U‖

2
F ‖W‖

2
F

(m1m2)2
+
W 2
ef‖U‖

2
2‖V ‖

2
F

(m1m2)2

+
U2
abV

2
cd‖W‖

2
F

m1m2
+
V 2
cdW

2
ef‖U‖

2
F

m1m2
+
U2
abW

2
ef‖V ‖

2
F

m1m2

≤ 7‖U‖2F ‖V ‖
2
F ‖W‖

2
F

1

m1m2
(12)

We know Var(Yl) =
‖G‖2F
m2

, E(Xtl) = UabVcdWef , E(Yl) = Gl. Thus,

Var(Tijk) = Var(

r3∑
l

XtlYl)

=

r3∑
l

Var(Xtl)Var(Yl) + E2(Xtl)Var(Yl) + E2(Yl)Var(Xtl)

≤
r3∑
l

7‖U‖2F ‖V ‖
2
F ‖W‖

2
F ‖G‖

2
F

1

m1m2
2

+ E2(Xtl)
‖G‖2F
m2

+ E2(Yl)7‖U‖2F ‖V ‖
2
F ‖W‖

2
F

1

m1m2

≤
r3∑
l

‖U‖2F ‖V ‖
2
F ‖W‖

2
F ‖G‖

2
F (

7

m1m2
2

+
1

m2
+

7

m1m2
)

≤ c0r3‖U‖2F ‖V ‖
2
F ‖W‖

2
F ‖G‖

2
F

1

m1m2

(13)

c0 is a constant number such that c0 ≥ 7 +m1 + 7
m2

.
From Chebychev’s inequality, if we run Algorithm 2 d times, where d = Ω(log(1/δ)), we can get the desired error bond with probability
at least 1− δ.

Theorem B.2. Suppose T̂ is the recovered tensor for T = G(U, V,W ) after applying count sketch on U , V and W with
sketching dimension c. Suppose the estimation takes d independent sketches of U , V and W and then report the median
of the d estimates. If d = Ω(log(1/δ)), ‖G‖max = g, max(‖Ui‖2) = g1, max(

∥∥Vj∥∥2) = g2, max(‖Wk‖2) = g3 for

i ∈ [r], j ∈ [r], k ∈ [r], and c = Ω(
r3gg21g

2
2g

2
3

ε2 ), then with probability ≥ 1− δ there is |T̂ijk − Tijk| ≤ ε. The computation
complexity of this estimation process is O(r(n+ c log c+ c)). The memory complexity is O(rc+ r3).
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Proof of Theorem B.2. We first prove the unbiasedness.

E(T̂ijk) =

r∑
a=1

r∑
b=1

r∑
c=1

GabcE(ÛiaV̂jbŴkc)

=

r∑
a=1

r∑
b=1

r∑
c=1

GabcE(Ûia)E(V̂jb)E(Ŵkc)

=

r∑
a=1

r∑
b=1

r∑
c=1

GabcUiaVjbWkc

= Tijk (14)

The second step uses the property that the elements are independent. The third step is obtained using Theorem ??.

Var(T̂ijk) =

r∑
a=1

r∑
b=1

r∑
c=1

GabcVar(ÛiaV̂jbŴkc)

=

r∑
a=1

r∑
b=1

r∑
c=1

Gabc(Var(Ûia)Var(V̂jb)Var(Ŵkc) + E2(Ûia)Var(V̂jb)Var(Ŵkc)

+ E2(V̂jb)Var(Ûia)Var(Ŵkc) + E2(Ŵkc)Var(Ûia)Var(V̂jb)

+ E2(Ûia)E2(V̂jb)Var(Ŵkc) + E2(V̂jb)E2(Ŵkc)Var(Ûia)

+ E2(Ûia)E2(Ŵkc)Var(V̂jb))

≤
r∑
a=1

r∑
b=1

r∑
c=1

Gabc(
‖Ua‖22‖Vb‖

2
2‖Wc‖22

c3
+
U2
ia‖Vb‖

2
2‖Wc‖22
c2

+
V 2
jb‖Ua‖

2
2‖Wc‖22
c2

+
W 2
kc‖Ua‖

2
2‖Vb‖

2
2

c2
+
U2
iaV

2
jb‖Wc‖22
c

+
V 2
jbW

2
kc‖Ua‖

2
2

c
+
U2
iaW

2
kc‖Vb‖

2
2

c
)

≤ r3g‖Ua‖22‖Vb‖
2
2‖Wc‖22 (

1

c3
+

3

c2
+

3

c
)

≤ 7r3g‖Ua‖22‖Vb‖
2
2‖Wc‖22

1

c
(15)
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