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Keypoints

•Propose MS: it projects a tensor to another
tensor of same order but with different
dimensions, which are chosen by the user.

•Approximation of tensor product: Kronecker
product of two real matrices with size n× n,
instead of computing O(n4) operations, this
approximation requires only O(n2) operations.

•Approximation of tensor contraction: Tucker
form, CP form and tnesor-train form tensor
contraction. We get a computation cost
improvement with a ratio of O(r2) for Tucker
form tensor contraction, compared to the
previous CS method.

Intuition

•Extensive studies have focused on matrix and vector
sketching.

•A naïve method that flattens the higher-order
tensors to vectors or matrices and then applies
sketching techniques ignores multi-dimensional
structure.

•Applying traditional data dimension reduction
methods to tensors is typically computationally
expensive.

Objective: Find dimension reduction meth-
ods for tensors that retains efficient tensor
operations.

Related Work

•Structured data: SVD/PCA
•Sparsity/non-negativity constraints: CX and CUR
matrix decomposition

•Data frequency: Count sketch[1]

Count Sketch

Count Sketch(CS) Given two 2-wise independent random hash functions h:[n] → [c] and s:[n] → {±1}.
Count Sketch of a point x = {x1, · · · , xn} ∈ Rn is denoted by CS(x) = {CS(x)1, · · · , CS(x)c} ∈ Rc where
CS(x)j = ∑

h(i)=j s(i)xi.
[2] use CS and propose a fast algorithm to compute count sketch of an outer product of two vectors using FFT
properties. CS(uvT ) = IFFT (FFT (CS(u))◦FFT (CS(v))). They improve the complexity of the outer product
sketching from O(n2) to O(n + clogc), if the vectors are of size n and the sketching size is c.

Figure 1: Count sketch of a vector

Figure 2: Multi-dimensional Count Sketch of a matrix.

Multi-dimensional Count Sketch

Multi-dimensional Count Sketch(MS) Given a tensor T ∈ Rn1×···×np, random hash functions h1:[n1] →
[m1], · · · , hp:[np] → [mp], and random sign functions s1:[n1] → {±1}, · · · , sp:[np] → {±1}:

MS(T )t1,··· ,tp
=

∑
h1(i1)=t1,··· ,hp(ip)=tp,

s1(i1) · · · sp(ip)Ti1,··· ,ip

We can write the MS using tensor operations.
MS(T ) = (S ◦ T )(H1, · · · , Hp) (1)

Here S = s1 ⊗ · · · ⊗ sp ∈ Rn1×···×np, Hi ∈ Rni×mi, Hi(a, b) = 1 if hi(a) = b, for ∀a ∈ [ni], otherwise Hi(a, b) = 0.

To recover: T̂i1,··· ,ip
= s1(i1) · · · sp(ip)MS(T )h1(i1),··· ,hp(ip), or T̂ = S ◦MS(T )(H−1

1 , · · · , H−1
p ).

Efficient Tensor Operations
MS(A⊗B) = MS(A) ∗MS(B)

= IFFT2(FFT2(MS(A)) ◦ FFT2(MS(B))) (2)

Example: Kronecker Product

Figure 3: Kronecker product of two matrices with size n× n.
It requires O(n4) computation. Figure 4: CS of Kronecker Product. It requires

O(n2(n + clogc)) computation.

Figure 5: MS of Kronecker product. It requires O(n2 + m2logm)
computation.

Experiments

•Covariance Matrix Estimation

Figure 6: Finding correlations using sketched matrix
multiplication.

•Tensor Regression with Sketching

Figure 7: Tensor regression layer with sketching.

Figure 8: Training loss and test accuracy for different network
structures.
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